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Abstract 

We present here the extended-object approach for the explanation and calculation of the self- 
■ force phenomenon (often called also "radiation-reaction force"). In this approach, one considers a 

o : 

^Sj , charged extended object of a finite size e that accelerates in a nontrivial manner, and calculates 

^1 the total force exerted on it by the electromagnetic field (whose source is the charged object 
itself). We show that at the limit e ^ this overall electromagnetic field yields a universal 

. result, independent on the object's shape, which agrees with the standard expression for the self 

^ , force acting on a point-like charge. This approach has already been considered by many authors, 

' but previous analyses ended up with expressions for the total electromagnetic force that include 

Q"^ . 0(l/e) terms which do not have the form required by mass-renormalization. (In the special case 

o , 

, of a spherical charge distribution, this oc 1/e term was found to be 4/3 times larger than the 



o 



desired quantity.) We show here that this problem was originated from a too naive definition of 
the notion of "total electromagnetic force" used in previous analyses. Based on energy- momentum 
conservation combined with proper relativistic kinematics, we derive here the correct notion of total 
^ \ electromagnetic force. This completely cures the problematic 0(l/e) term, for any object's shape, 

■ and yields the correct self force at the limit e ^ 0. In particular, for a spherical charge distribution, 

the above "4/3 problem" is resolved. We recently presented an outline of this analysis 1], focusing 
on the special case of a dumbbell-like charge distribution (i.e. two discrete point charges). Here we 
provide full detail of the analysis, and also extend it to more general charge distributions: extended 
objects with an arbitrary number of point charges, as well as continuously-charged objects. 
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I. INTRODUCTION AND SUMMARY 



When an electrically-charged particle accelerates (non-uniformly) in flat spacetime, it 
exerts a force on itself. This force, known as the self force (or "radiation-reaction force"), 
results from the particle's interaction with its own electromagnetic field. Early investigations 
by Abraham ^ and Lorentz Q , in the case of non-relativistic motion, showed that the self 
force is proportional to the time- derivative of the acceleration. Later, Dirac [4] obtained the 
covariant relativistic expression for the self force: 



where q is the electrical charge, and denote the four-velocity and four-acceleration, 
respectively, an overdot denotes a proper-time derivative, and = a'^a^ ^. Dirac derived 
this expression by considering the momentum flux through a "world-tube" surrounding the 
particle's worldline, and demanding energy-momentum conservation. 

The fact that a particle can exert a force on itself is obviously intriguing. One of the 
ways to make sense of this phenomenon is by considering a charged, rigid, extended object 
of finite size e. A model of a continuously-charged, finite-size object has the obvious advan- 
tage that the electromagnetic field is everywhere regular, allowing (in principle) an almost 
straightforward calculation of all electromagnetic forces involved (this is of course not the 
case when a point-like charge is considered, as the field is singular at the particle's location). 
On physical grounds, one would expect that an extended object of a sufficiently small size 
will behave like a point-like particle. (One should expect finite-size correction terms, which 
may depend on the object's shape, but one would hope these corrections would become 
negligible for a sufficiently small object.) 

For a finite-size extended object, each charge element exerts an electromagnetic force 
on each other charge element. Then, roughly speaking, the overall electromagnetic force 
that the charged object exerts on itself is the sum of the contributions of all mutual forces 
between all pairs of the object's charge elements. One might naively expect that this sum 
will always vanish, by virtue of Newton's third law; Indeed, this would be the case if the 
charged object were static: In this case, the sum of the Coulomb forces vanishes for each pair 
separately. It turns out, however, that if the object accelerates the sum of the contributions 

^ Throughout the paper we use the metric r/^j^ — diag(— 1, 1, 1, 1), and units where c — 1. 
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of all mutual forces does not vanish (this has been established by many authors, as we discuss 
below, and it is also demonstrated explicitly later in this paper). This nonvanishing overall 
electromagnetic force does not conflict with the momentum conservation law, because the 
electromagnetic field itself contains a time-varying amount of momentum and energy; A 
non- vanishing overall electromagnetic force acting on the object is thus a manifestation of a 
momentum transfer between the charged object and the surrounding electromagnetic field. 
In particular, the electromagnetic radiation field carries energy and momentum away from 
the object to infinity (hence the name "radiation-reaction force"). 

Recognizing that the overall mutual electromagnetic force does not vanish, one is tempted 
to identify this overall force with the notion of the self force acting on a charged particle. 
Thus, one would hope that at the limit were the object's size is taken to zero, a universal 
result (independent of the object's size and shape) will be obtained, which will coincide with 
Eq. (HJ. Many attempts have been made to derive this extended-object total force. Two 
types of models have been considered: objects that are continuously charged ^, 0, 0, Ql, 
and objects with a finite number of discrete charges The simplest model of a discretely- 
charged rigid object is the "dumbbell" , i.e. a fixed-length rod with two point charges located 
at its two edges. The previous analyses of both the continuous and discrete models revealed 
that indeed the overall electromagnetic force does not generally vanish. But these analyses 
also indicated a fundamental difficulty (which we shortly explain), that made it impossible 
to derive the universal small-size limit of this force. The goal of this paper is to provide a 
simple resolution to this difficulty. 

Let denote the sum of (or, in the continuous model, the double-integral over) all 
mutual electromagnetic forces, acting on all charge elements at a particular moment. (By 
"particular moment" we refer here to a hypersurface of simultaneity in the particle's rest 
frame; see below.) We would like to explore how depends on e. For all types of 
electrically charged objects, the small-e dependence of is found to be of the form 

/rn™ = cVe + c^ + 0(6). (2) 

The 0(e) term will not concern us here, as it vanishes at the limit e — 0. The coefficients 
Cq and cti depend on the object's worldline, but are (by definition) independent of e. 

The 0(e^^) term is the problematic term, as it diverges at the limit of interest, i.e. e ^ 0. 
Obviously, the small-object limit does not make sense if we do not know how to handle the 
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problematic term C-i/e. 

Now, there is a standard procedure of mass-renormalization, often used for eliminating 
such 0(e^^) terms. However, the very nature of this procedure requires that the undesired 
0(e^^) term will be of the form — ca^, where c is a parameter that is independent of the 
time and the state of motion (though it may depend on the object's size and shape): A force 
term of the form ■ const can be dropped, because it is experimentally indistinguishable 
from an inertial term in the equation of motion (see next section). In order for the whole 
theory to make sense (assuming that interaction energy equally contributes to the inertial 
mass), the constant c must be equal to the object's electrostatic energy, which we denote 
Egg. (Recall that the latter scales like e~^.) 

The problem is that, the term c'^i/e is actually not equal to —Egga'^ — and, furthermore, 
generally it is not in the form —ca^, nor it is even in the direction of a^. In the special case of 
a spherical charge distribution, several authors found that the term c'l^/e indeed 

takes the form —ca'^, but with c = (4/3)i?es • This is the well-known "4/3 problem". In 
this special case the mass-renormalization procedure still makes sense from the operational 
point of view (because any force term of the form —ca'^ is experimentally indistinguishable 
from an inertial term), though the logical consistency of the theory may be questioned. 
The situation is worse, however, when the charge distribution is asymmetric. In such a 
situation one generally finds that the problematic term c'^i/e is not even in the direction 
of a^. Clearly, this type of divergent term cannot be removed by mass renormalization. A 
simple demonstration of this situation was given by Griffiths and Owen j^], who considered 
a one-directional motion of a dumbbell. They found that when the dumbbell is oriented 
perpendicularly to the direction of motion, then c^i/e = —Eega^ as desired. However, if the 
dumbbell is co-directed with the motion, then c^i/e = — ca^ with c = 2Ees. Furthermore, 
if the dumbbell is oriented in any other direction, the term c_i/e will not be co-directed 
with a^. Clearly, in such a generic situation the problematic term c^^/e cannot be removed 
by mass renormalization. As a consequence, the limit e ^ of fsum does not make a 
physical sense. We note that this problem arises even if the object's motion is treated in a 
fully-relativistic manner 9] — as long as the quantity is considered. 

It should be noted that in the case of a spherical charge distribution there is another 
"4/3 problem": When the object is in slow motion, the electromagnetic-field momentum 
turns out to be 4/3 times the electromagnetic-field energy times the velocity P|. We may 
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refer to this problem as the "inertial 4/3 problem" (as opposed to the " mass-renormalization 
4/3 problem"). We shall not address this problem here. The relation between these two 
"4/3 problems" is not completely clear. Poincare j9[ introduced the non-electromagnetic 
internal stresses in order to resolve the inertial 4/3 problem. On the other hand, the analysis 
presented below clearly indicates that no consideration of the non-electromagnetic internal 
forces is required for solving the mass-renormalization 4/3 problem lol |. 

In this paper we shall provide a simple and natural solution to the above mass- 
renormalization problem. We shall show that the overall mutual electromagnetic force is not 
the quantity (i.e. the naive sum or integration over all mutual forces); By employing 
simple energy-momentum considerations we show that the overall mutual electromagnetic 
force, which we denote /^^t^^;, is the sum (or integral) over all mutual forces, each multi- 
plied by a certain kinematic factor representing the proper-time lapse of each charge element 
between two "moments" (i.e. between two neighboring hypersurfaces of simultaneity; see 
next section). This kinematic factor is of the form 1 + 0(e); and the 0(e) correction (when 
multiplying the mutual forces oc e~^) leads to a difference between and f^utuah pi'opor- 
tional to e^^, which is exactly the amount required to correct the problematic term dti/e. 
Namely, when f^^^^^^i is expanded in powers of e, it takes a form similar to Eq. (0), but 
with an 0(l/e) term which is precisely of the form —Eesd^- This 0(l/e) term is naturally 
removed by mass renormalization. 

After we have eliminated the problematic 0(e~^) term in Eq. (j2|), we are left with the 
regular term Cg. It is this term which should yield the desired expression for the self force. 
With the anticipation that the self force should be universal, one would expect Cq to depend 
only on the object's total charge g, and not on the way it is distributed. In fact, the very 
nature of the self-force phenomenon — the force that a charge exerts on itself — suggests that 
the self force must be proportional to q^. For continuous charge distributions, the term Cq is 
indeed found to be oc and it can be brought to the form (^. However, for discrete charge 
distributions Cq is found to depend on the charge distribution. This is best demonstrated 
in the simplest discrete model, the dumbbell. In this case, Cq (like the mutual forces) is 
proportional to the product rather than to q^ = (g+ + q^Y, where g+ and g_ denote 

the two edge charges. This apparent inconsistency has an obvious origin: The overall force 
exerted on the dumbbell by the electromagnetic field includes not only the mutual forces 
between different charges, but also the forces that each of the individual charges exerts on 
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itself (to which we shall refer as the "partial self force" , to distinguish it from the "overall self 
force" acting on the dumbbell). Obviously, it would be inconsistent to neglect these partial 
self forces: By universality considerations, one may view each of the point charges as a very 
small extended charged object; And, the result of our analysis, namely Cg 7^ 0, should apply 
to each of these individual charged objects as well, therefore, these forces cannot be ignored. 
Note that the partial self forces do not depend on the other charges in the extended object, 
so they are by definition independent of e. Therefore they do not affect the divergent term 
0(e^^), but merely add to the term Cq. The need to include these partial self forces might 
appear disturbing, as these quantities are initially unknown. However, basic considerations 
imply that the self force acting on each charged object must be proportional to the square of 
its charge. This observation provides us with the required expression for the partial self forces 
(more precisely, the relation of the latters to the overall self forces). The inclusion of the 
partial self forces leads to a universal expression for the overall electromagnetic force acting 
on the dumbbell (or on any other discrete charge distribution), which is indeed proportional 
to the square of the total charge as desired, and which coincides with Eq. (^. We further 
show in Sec. IIVI that for a continuous charge distribution the contribution of the partial 
self forces vanishes. Therefore, in the continuous case the quantity Cg (i.e. the properly 
weighted integral of the mutual electromagnetic forces) directly yields the desired universal 
expression for the self force, Eq. ((T)). 

The overall mutual force f mutual naturally be viewed as the sum (or double-integral) 
of the contributions of all pairs of charge element. The contribution of each such pair is the 
sum of the two mutual forces, each weighted by the above mentioned kinematic factor. In 
summing these two forces, the dominant 0{e~^) term always cancels out (leaving a weaker 
divergence oc that is in turn handled by mass-renormalization). This leading-order 
cancellation occurs for each pair separately, suggesting that the fundamental element in 
any extended-object model is the single pair of charges. Once the single-pair system is 
well understood, the analysis of any charge distribution will follow quite immediately — 
essentially by summing (or double-integrating) over all pairs of charge elements. We shall 
therefore start by analyzing the dumbbell model, i.e. a pair of point-like charges separated 
by a fixed-length rod. Then we shall consider a discrete system with an arbitrary number 

of charges. Then, taking the infinitesimal limit (in which 00), we shall analyze the 
case of continuous charge distribution. In all cases the object (and the charge distribution) 
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is regarded as rigid, and we allow it to move (non-rotationally) along an arbitrary worldline. 
For both the discrete and continuous cases, we obtain the same universal result: After 
calculating the overall mutual electromagnetic force /^u^^^;, mass-renormalizing it, and then 
taking the limit e — > 0, we recover the desired expression ([Q) for the self force. 

We should mention here previous analyses which see ming ly overcame the mass- 
renormalization 4/3 problem in the spherical case. First, Fermi [l5| carried out an extended- 
object analysis of a different type: Instead of summing the contributions of all mutual forces, 
he constructed an effective relativistic Hamiltonian of a charged rigid body, and derived the 
equation of motion from this Hamiltonian. It seems that no "4/3 problem" is encountered in 
this method. Later, Nodvick used a similar method 
for the self force (note, however, that these analyses 



161 and obtained the correct expression 

n 

I16| only considered spherically sym- 



M 

metric distributions, whereas we are treating here an arbitrary charge distribution). Also, 
after this work was completed, we became aware of a previous work by Pearle in which 
he analyzed the case of a spherically-symmetric charged object. In this analysis he took 
into account the above mentioned kinematic weighting factor which expresses the proper- 
time lapse of each charge element. Then, in a fairly complicated calculation he obtained 
the correct 0(l/e) term, namely —EesCi^, thereby overcoming the 4/3 problem in the case 
of spherical charge distribution. We believe that our analysis is simpler, more transparent, 
and it is also much more general; In particular, the analysis presented here resolves the 
mass-renormalization problem for any type of charge distribution. 

We point out that self force calculations were also carried out in the context of quantum 
theory, see for example This however does not diminish the need for a consistent classi- 
cal treatment of the self-force problem. Indeed in some situations the classical framework is 
certainly the most natural one. Consider for example the self force acting on an electrically- 
charged satellite orbiting the earth. Obviously quantum effects are irrelevant in this case, 
and it is therefore desired to treat this situation from the purely classical point of view. An 
example of much greater current interest is that of a compact object orbiting a black hole 
of much larger mass, see e.g. The compact object will gradually inspiral towards the 

black hole, due to the gravitational self force. Again, there is no reason to use the quantum 
theory in this case. Note that in this case one must use the formalism of gravitational self 
force in curved spacetime. Whereas the present paper only deals with flat space, it appears 
that the extended-object approach can naturally be extended to curved space as well. For 
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example, Ori recently applied the extended-object approach to the case of radial free-fall in 
Schwarzschild spacetime and used it to calculate the regularization parameters [fsj ]. 

An outline of the analysis given here was published recently, focusing on the case of 
dumbbell-like charge distribution Here we present the full calculations, and also analyze 
in detail extended objects with an arbitrary number of point charges, as well as continuously- 



charged extended objects (these cases were only briefly mentioned in Ref. jl|). 

In Sec. In] we analyze the dumbbell model, i.e. the case of two point-like charges. We 
first formulate the dumbbell's relativistic kinematics. Then we calculate the mutual forces, 
obtain their sum /^^j ^^^d (following Griffiths and Owen l"^) demonstrate the severe mass- 
renormalization directionality problem discussed above. Then we use energy-momentum 
considerations to construct the correct expression for the overall mutual electromagnetic 
force We show that the latter is free of the mass-renormalization problem. In 

Sec. mil we extend the analysis to a system with an arbitrary number of point-like charges. 
Finally, in Sec. IIVI we consider the case of a continuous charge distribution. In all three 
cases we obtain, at the limit e ^ 0, the universal result (JH). 

II. A CHARGED DUMBBELL 
A. The general approach 

We consider a dumbbell made of a rigid rod with two point charges located at its two 
edges. The forces acting on the dumbbell (or on its parts) may be schematically divided 
into several types: 

• Electromagnetic forces: the forces exerted on the two charges by the electromagnetic 
field they produce; 

• The "other internal forces": the inter-atomic (or "elastic") forces that are responsible 
for the dumbbell's rigidity; 

• External forces: forces exerted on the dumbbell by external fields.^ 



^ Throughout this paper, by "electromagnetic forces" we shaU always refer to the forces associated with 
the interaction of the two charges with the electromagnetic field they themselves produce, and not to 
external forces (or the "other internal forces") even if the latters are of electromagnetic origin. Namely, 
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The electromagnetic forces acting on the two charges are divided into two types: (i) 
Mutual electromagnetic forces, i.e. forces that one charge exerts on the other one [more 
precisely, it is the force that the electromagnetic field produced by one charge (in the sense 
of the retarded Lienard-Wiechert solution) exerts on the other charge]; and (ii) the self 
forces that each of the two charges exerts on itself, to which we shall refer as the "partial 
self forces" (to be distinguished from the overall self force acting on the dumbbell). The 
justification and necessity of including the partial self forces in our analysis is discussed 
below; but two remarks should be made already at this stage: First, the partial self forces 
are not relevant to the mass-renormalization problem, as they only affect the term Cq (above), 
not the problematic term c^'/e. Second, these partial self forces are very significant for a 
system of two charges (they contribute at least as much as the mutual forces do), but they 
become less important in a system including a large number of point charges (assuming 
that the magnitude of the individual charges scales line 1/A^). This is because the number 
of mutual forces scales like N'^, whereas the number of partial self forces scales like A^. Most 
importantly, the contribution of partial self forces vanishes at the continuum limit, as we 
discuss in Sec. IIVI 

In Newtonian theory it is usually presumed that the sum of any pair of mutual forces will 
always vanish; However, when electromagnetic interactions are concerned, this presumption 
does not hold. Its failure may be attributed to the long range of the electrodynamical interac- 
tion between two charges. It is this long range which is responsible for the electromagnetic 
radiative phenomena (which transport energy and momentum away from the interacting 
charges). On the other hand, the non-electromagnetic internal forces are assumed here to 
be of "short range". ^ Hence, it will be assumed that upon summation these forces will 
always cancel out (except for a "mass-renormalization like" term, which is the interaction 
energy associated with these forces, multiplied by the four-acceleration). For this reason, the 
non-external forces that are relevant to the calculations below are only the electromagnetic 

our terminology is based on the simplified picture according to which the external forces and the "other 
internal forces" are non-electromagnetic. However, this presumption is only made for simplifying the 
terminology, and the analysis below is valid even if these forces are of electromagnetic character. 
^ For our discussion it is sufficient to assume that the range of the " other internal forces" is small compared 
to the dumbbell's length. This assumption perfectly holds for e.g. the inter-atomic forces that are 
responsible for the rod's rigidity. It is also sufficient to assume that this range is small compared to the 
time scales charactering the world line z'^{t). e.g. 1/a, a /a etc. 
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ones, namely, (i) the two mutual forces between the two charges, and (ii) the two "partial 
self forces" . 

B. Dumbbell's structure and kinematics 

The dumbbell consists of two point charges situated at the edges of a rigid rod of a proper 
length 2e. We shall assume that e is small compared to 1/a, where a denotes the norm of 
the acceleration vector. Throughout this section we shall use the subscripts "+" or "— " to 
denote the quantities associated with the two dumbbell's edges. The two electric charges 
are therefore denoted g+ and g_, respectively, and the total charge is g = g+ + g_. We do 
not require the two charges to be equal. We assume that e is time-independent and that the 
dumbbell moves in a non-rotational manner (see below). 

We take the dumbbell's central point (i.e. half the way between the two edges) to 
represent the dumbbell's motion. The worldline of this representative point is denoted 
2;^(r), where r is the proper time along the central worldline. The four- velocity and four- 
acceleration of the central worldline are defined in the usual manner, = and a'^ = ii^, 
where an overdot denotes differentiation with respect to r. We denote the two rod's edges 
by z^{t) and z'^{t). At any given moment (by "moment" we mean here a hypersurface 
of simultaneity in the momentary rest frame of the central point) the two rod's edges are 
located at (see Fig. [l]) 

4(r) = z^(r) ± ew^(r) , (3) 
where w^{t) is a unit spatial vector, satisfying 

Wfj,w^ = 1 , w'^Ufj, = . (4) 

The time evolution of w'^ is subjected to two restrictions: First, as a unit vector, its norm 
is time-independent (corresponding to a rod of fixed length). Second, it is non-rotating 
in the momentary rest frame of z^{t). These restrictions correspond to a Fermi- Walker 
transport j3] of along -2^(r), given by 

w^' = {u^'a" - u''a'')w^ = u^a^ , (5) 

where the scalar denotes the projection of on the rod's direction: = a\w^. This 
transport rule guarantees that if Eq. (jD) is initially satisfied, it will hold at all subsequent 
times. 
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Next, we calculate the four- velocities and accelerations of the dumbbell's edges. We 
denote the proper times along the worldlines of the two rod's edges z'^ by r±, respectively. 
Note that generally r_|_ and r_ differ from r (and from each other). The four- velocities of 
the two charges are defined in the usual manner, u'^ = dz'^/dr^. Differentiating Eq. Q, 
with respect to t±, we obtain 

dr 



dr 



, 1 ± ea,, 



dr-^ 



. (6) 



dT± 

Taking the norm of the two sides of this equation, recalling that both and u'^ are of unit 
norm, we find that the term in squared brackets is just unity, namely 

dT± 

^ = l±ea^. (7) 

It now immediately follows that 

< = m'^ . (8) 

These are the two key features of the rod's kinematics. 

Eq. (jHJ indicates that in the rest frame of the dumbbell's central point, the two edges 
(and similarly any other point on the dumbbell) are at rest as well. We can therefore identify 
this reference frame as the rest frame of the entire dumbbell. Since at any moment there 
exists a reference frame in which the entire dumbbell is momentarily at rest, it is justified 
to view this type of motion as a rigid motion. 

We denote by a'^ the four-accelerations of the two edge points, namely = dUj_/dTj-. 
From Eqs. (|7j) and (jH)) it immediately follows that 

< = ■ (9) 



1 ± ea. 



w 



C. Mutual forces 

At the heart of the dumbbell's model are the mutual forces acting between the two 
charges. To determine these forces, we need an expression for the retarded electromagnetic 
field tensor F^j, that a single point charge q moving on an arbitrary worldline z'^{t) produces 
at a nearby point + ew^, where e is a small positive number (e = 2e), and w^^ is a unit 
spatial vector satisfying w^w^ = l,w^Ufj, = 0. Later we shall apply the limit e — > 0, and 
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therefore we shall only need an expression for Fn^ valid up to zero order in e. Such an 

n 

expression was derived by Dirac 4]: 



ea,; 



7^ daUv) 

2 2e 8 2 2 3 '^^ 



where = axw'^ 



+ 



2e 



awU^Wu 2 . ^ 

— fl/lM;/ + 



(10) 



4 



(11) 



and throughout this paper the "=" symbol denotes an equality up to 0(e) 



correction terms. Z^i, is the collection of all terms that are proportional to e° and to an odd 
power of w. Such terms will cancel out when summing the contributions of the two charges 
(see below). The electromagnetic field Fi^'^ that the charge g_ produces at the location 
of charge g+ is obtained by substituting in Eqs. pOlll|) q g_, a a„, a da^/dr^, 
w^, ttyj — > a^w\, and e ^ 2e (the four- velocity is unchanged, as u'^ = u^). The 
electromagnetic field F^^ that the charge produces at the location of the charge g_ 
is obtained in a similar manner, by substituting in these equations g ^ g+, a — > a+, 
d (ia+/(ir+, w^^ — w^, a^, —a'^wx, and e 2e. Let us denote by (f^) the Lorentz 
force that the charge "— " ("+") exerts on the other charge "+" ("—"): 



By virtue of Eq. pOj] this becomes 



— ± ^± ) 



4e 



where 



?,{a%wxfu^'w'' ?,{a%wx)a'tu'' 



'12) 



8 2 8 4 ' 

and d^ = da^/dr^. Next we re-express in terms of the acceleration and proper time 
r of the central point (rather than those of the source charges). To this end we use Eq. 
(ini), and expand in e. Since the acceleration does not appear in the 0{e^^) term, it is 
sufficient to carry out this expansion up to first order in e: 
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Note that only appears in the 0(e°) term, hence it can be replaced by a^. [The same 
holds for all factors and that appear in the 0(e°) term.] We find 



4e 



(13) 



where 



Note that Z'^'^ is 0(e°), and is the same for the two charges. Recalling that u'^u^ = — 
w^Uy = a^Uy = 0, and d^Ui, = —a? (the latter identity is obtained by differentiating a^Uu 
0), we find 



± = Q+Q- 

where Z^" = u^iZf"" - Z^f"). 



^4? Ae ^3' 



a^u^") ± Z^" 



(14) 



D. Naive sum of the mutual forces 



Next we calculate the sum of the two mutual forces, i.e. the quantity fsum- 

This quantity would be the simplest candidate for the dumbbell's self force; However, as 
already discussed in the previous section, it suffers from a serious problem: The first term 
on the right-hand side is proportional to 1/e, and hence diverges at the limit of interest, 
e ^ 0. The usual way to eliminate such an undesired 0{e~^) term is by the procedure of 
mass renormalization (see below); However, from the very nature of this procedure, it will 
only be applicable if the term to be removed is of the form ■ const (a constant that scales 
like 1/e). Instead, in Eq. (fTH|l the term + w^a^j is orientation-dependent. Furthermore, 
this term is not co-directed with a^. This difficulty was observed by Griffiths and Owen 
^ [Note that adding the two "partial self forces" would not change this situation, as it does 
not affect the 0(e~^) term - see below.] 

^ When a spherical charge distribution is considered, after integrating f^^^ over the charge distribution, one 
obtains an overall force which is co-directed with a^, due to the symmetry. In this case the only imprint 
of the problem in the 0(l/e) term of is the "4/3 problem". However, for generic non-symmetric 

distributions, the integrated force will not be co-directed with a'^. 
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E. Energy-momentum balance 



The above pathology of the 0{l/e) term clearly indicates that is not a valid candidate 
for the dumbbell's self force. The reason is that, f^^^ does not correctly represent the overall 
mutual force. To understand the reason for this, we shall now employ simple considerations 
of energy-momentum conservation. These considerations will indicate the appropriate way 
to sum the two mutual forces, in order to obtain the correct expression for the overall mutual 
force. 

Let us denote the total dumbbell's four-momentum, at a given moment r, by p^{t). This 
quantity is to be obtained by integrating the appropriate components of the dumbbell's 
stress-energy tensor over the hypersurface of simultaneity, which we denote a. Recalling 
that u'' is normal to cr, we may write this integral as 



Here d^a is a volume element, and T^J^^^^^-^ denotes the dumbbell's stress-energy tensor, not 
including the electromagnetic field. The integration is performed over the entire volume of 
the dumbbell (the integrand vanishes off the dumbbell) . 

It is worth emphasizing two points here: First, the integration is carried out over a 
hypersurface of simultaneity, defined at each moment by the dumbbell's motion, and not 
over a hypersurface t = const of some fixed Lorentz frame. This is the natural covariant 
way to define the time-dependent four-momentum of a rigid body. ^. Second, we choose 
not to include the electromagnetic stress-energy tensor in p^, because the electromagnetic 
contribution is not well localized: It is partly scattered throughout the space in the form 
of electromagnetic waves. The non-electromagnetic part, however, is by assumption well- 
localized, and hence monitoring p^{r) will provide us with the desired information concerning 
the dumbbell's motion. Note that the external field (i.e. the above mentioned "external 
force") is also not included in Tf^!" ,^. 

Prom energy- momentum conservation it follows that p^ (r) will only change due to exter- 
nal forces acting on the dumbbell (if such exist), and due to energy- momentum exchange 

^ Note that an integration over a hypersnrfaces t = const of the Lorentz frame in use would produce a 
quantity p^{t) that transforms in a complicated, non-covariant manner in a Lorentz transformation. On 
the other hand, our p'^ (r) (defined by integration over the hypersurface of simultaneity) transforms like a 
four-vector, as desired. 




(16) 
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between the dumbbell and the electromagnetic field. The electromagnetic energy-momentum 
exchange is manifested by the electromagnetic forces acting on the two charges. In an in- 
finitesimal time interval dr, the change in p'^(r) will be given by 

dp^ = dpft + dp"- + dPe.t , (17) 

where (ipext the contribution of the external force, and dp'^ denote the contributions from 
the electromagnetic forces acting on the two charges ^. Let us denote these electromagnetic 
forces by /(em)±- discussed above, f(^em)± includes both the mutual electromagnetic force 
and the partial self force acting on the ± charge, which we denote 

ftem)±-fi + f^- (18) 

Note that simple consistency considerations require us to include the partial self forces 
in the analysis: Our calculation shows (as many previous analyses did) that there is a 
nonvanishing self force acting on a charged object (the dumbbell, in our specific model); 
This force is found to be universal (at the limit of small e), namely it is independent of 
the object's size and orientation. It must therefore apply to any sufficiently-small charged 
object - and, in particular, to the two point charges g+ and g_. Later wc shall employ a 
simple argument to quantitatively relate the two partial self forces to the overall self 
force acting on the dumbbell. (It should be emphasized that the calculation below yields a 
nonvanishing overall self force even if one does not take into account the partial self forces; 
Nevertheless the resultant expression for the self force would be incorrect in such a case, 
due to the inconsistency.) Note that the need for adding the partial self forces is also made 
obvious from the following observation: Without the partial self forces, the overall mutual 
electromagnetic force is proportional to the product q+Q-, whereas the overall self force of 
the dumbbell (like that of any charged particle) must be proportional to — (g+ + q-)^. 
Adding the partial self forces compensates for this difference exactly, as we show below. 

Let us now calculate dp'^, the energy-momentum exchange of the charge with the 
electromagnetic field, between the two hypersurfaces of simultaneity r and r -|- dr. An 
observer located at the "+" charge will measure a proper-time interval dr^ between these 
two hypersurfaces. Therefore, the amount of electromagnetic energy-momentum transfer 

^ By "electromagnetic forces" we refer here to the forces exerted on the ± charges by the electromagnetic 
fields produced by these two charges, as explained above. 
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is dp'^ = fl^em)+^'^+- Similar considerations will apply of course to the other charge "— "; 
therefore, 

dpi = f^em)±dr^ ■ (19) 
Combining equations (fT7|). (fT^ and (fTHj) . we obtain 

dif = Ut + n)dr+ + + hdr- + rfp^ • (20) 
Defining the overall force acting on the system to be = dp^/dr, we find 



/ 



+ fL, ■ (21) 



Note that since the external force is presumably regular (i.e. it is well-behaved at the limit 
of small e), and dr^/dr — 1 at the limit e ^ 0, we can simply take dp'^^i = f^^f-dr. For 
the same reason, since the partial self forces are presumably regular too, we can ignore 
the factors dT±/dT multiplying fl^. It is only the mutual force fl^, which includes negative 
powers of e, that requires one to make the distinction between dr and dT±. 

The overall mutual electromagnetic force fl^utuai term in curly brackets in Eq. (j^H): 

fLtual = f+^ + f~^- (22) 

Using Eqs. ((Tj) and (jl4p . and again neglecting terms that vanish as e — *■ 0, we find 



dr 



where 



It now follows that 

fLtuai = + p^l-id' - ^'^n ■ (23) 

The overall electromagnetic contribution to the total force acting on the dumbbell 
(not including the external force) is the term in squared brackets in Eq. (1211) . i.e. the 
sum of and the two partial self forces. We shall refer to it as the "bare self force" 

(because subsequently we shall apply to it the mass-renormalization procedure, to obtain 
the "renormalized self force"), and denote it /^^g. It is given by 
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J bare J mutual ' \J + ' J—J 



^ + -g+g_(«^ - + (/^ + f'-) + 0(e) . (24) 



2e 3 

F. Mass-renormalization and the renormalized self force 

In Eq. ()24j) [like in Eq. (j2SI)] the 0(l/e) term has the desired form —EesCt^, where Ees is 
the dumbbell's electrostatic energy (at rest): 

Ees = q+q-/2e. 

This is exactly the type of 0(l/e) term that is cured by mass renormalization, as we now 
briefly discuss. 

The expression for the self force is to be used for predicting the dumbbell's motion, 
through an equation of motion of the form mhareO'^ = f^i where refers to the total force 
acting on the dumbbell, i.e. = /^^^ + /^j. (Below we shall further discuss the justi- 
fication to this equation of motion.) Similarly, m}yare refers to the so-called "bare mass", 
i.e. the total dumbbell's energy (in the momentary rest frame) not including the electro- 
magnetic/electrostatic interaction energy. We now add the term E^ga^ to both sides of the 
equation of motion. Defining the "renormalized mass" m^en and "renormalized self force" 
f/^ by 

J ren "J 

rriren = rUbare + Ees , fl^en = fbare + ^estt^ , (25) 

the equation of motion now takes the form 

T^renO'^ = fren ~^ fext ■ 

This is the "renormalized equation of motion". Note that rriren is nothing but the total 
dumbbell's energy (including the electrostatic interaction) while at rest. This is in fact the 
measured physical mass of the dumbbell. To simplify the notation, we shall hereafter omit 
the suffix "ren", denoting the renormalized mass by m and the "renormalized self force" by 
fseif The equation of motion now reads 

= fself + fext , 
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where 

f^eif = fLe + Eesa^ = ^^+^4^" ' a\^) + (/{^ + /^) + 0{e) . (26) 

Now that we ehminated the problematic 0(l/e) term, we can safely take the limit e ^ 0. 
It is at this limit where we expect to obtain the universal expression for the self force. In 
this limit all the 0(e) correction terms vanish, and we find 

fLif = l^^if^' - o'un + (/^ + h . (27) 

As it stands, Eq. ()27|) provides a single relation for three unknowns, ff^ and f^^ij- In 
order to extract from it the expression for we need to relate the latter to the two partial 
self forces Since the self-force is the force that a charge experiences due to its own field, 
it must be proportional (for a prescribed worldline) to g^, where q is the particle's charge. 
In the limit of interest, e — 0, the trajectories of the two charges ±, and also that of the 
dumbbell itself (i.e. the representative point), all converge to the same worldline. Therefore, 
the two partial self forces will be given by = {<l±/<l'^)fseifj where g = g+ + g_ is the 
dumbbell's total charge. Substituting this in Eq. (j^Tj), rewriting it as 
4 



-g+g_(d^-aV) = /i:,^ -(/: + a 



1 _ ^ _ 

g2 g2 



fLf , (28) 



and noting that the term in squared brackets is nothing but 2g_|_g_/g^, we finally obtain the 
desired expression for the self force: 

/re./ = ^?'(a^-«V). (29) 

This agrees with Dirac's A] expression (|T|). 

To summarize, let us formulate all elements of the above construction of /^^^ by a single 
mathematical expression. This expression takes the form 

-,2 



[l + ea^)f^ + {l-ea^)r_ + ^a^ . (30) 



This involves the following manipulations, which are all justified (and necessitated) by simple 
physical considerations: (i) the proper-time weighting of the two mutual force (the factors 
(l±ea^); (ii) mass-renormalization (the last term in the squared brackets); (iii) the inclusion 
of the partial self forces (the factor g^/2g+g_); and (iv) taking the limit e ^ 0. This 
expression yields a universal, orientation-independent, result, which conforms with the well 
known expression (Q) for the self force. 
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Finally, we briefly discuss the justification of the ("bare") equation of motion nibareO'^ = 
in our case. We have defined the total force as the proper-time derivative of the 
dumbbell's non-electromagnetic energy-momentum p'^. Let us transform to a Lorentz frame 
in which the dumbbell is momentarily at rest. In this frame Eq. reads 

P' ^ [ T(fum,)d'x^ , (31) 

J t=const 

where denotes the three spatial Cartesian coordinates. For simplicity let us approximate 
the dumbbell's stress-energy by that of a continuous matter (plus, possibly, arbitrary number 
of point masses situated at fixed locations on the dumbbell). Since the matter that composes 
each element of the dumbbell is momentarily at rest, T^^^^^-^ vanishes, and hence = 0. 
The dumbbell's energy in the rest frame is 

P° = / T;>lmb)d'x' ■ (rest frame) (32) 

J t=const 

This is by definition the dumbbell's bare mass. Thus, in the momentary rest frame we have 
= (mfeare; 0, 0, 0). Rewriting this in a covariant form (valid in any Lorentz frame), we 
obtain 

Since the dumbbell is approximated as rigid, its composition does not change in time, hence 
rrtiiare IS time- independent. Differentiating now p^ with respect to proper time, we obtain 
the desired equation of motion 

= mbarea'' . 

Recall that this is the "bare" equation of motion. After mass renormalization, we obtain 



the equation of motion in its final, renormalized form 



2l|: 



ma 



2 



fLf + f'e^t = -/{d' - a'un + fZ, . (33) 



III. EXTENDED OBJECT WITH iV POINT CHARGES 

In this section we shall consider a rigid extended object with an arbitrary number N of 
point charges located on it. The charges are denoted qi, where hereafter roman indices like 
... run from 1 to A^. The total charge is g = Yli^i- shall calculate the overall self 
force acting on the object, by a natural extension of the method used above in the dumbbell 
case. 
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A. Extended Object Kinematics 



We start by describing the extended object kinematics. We choose (quite arbitrarily) a 
representative point inside this object and denote its worldhne by z^{t), and its four- velocity 
and four- acceleration by = dz^/dr and a'* = du^/dr, respectively, where r is the proper 
time along this worldline. 

The location of a charge i at each moment r is given by ^ 

z^ir)^z>^iT) + e,w>;iT) , (34) 

where > is the distance of the charge i from the representative point, and (r) is a 
unit spatial vector normal to u^{t). We denote the proper time of this worldline by and 

its four- velocity and four-acceleration by -uf = dz^ /dri and = duf /dTi, respectively. 

Since the object is rigid, and it moves in a non-rotational manner, the time evolution of 
the spatial vectors wf is given by the Fermi- Walker transport, 

wf = {u^Qi, — Uya^)w\ = u^ttyW^ . (35) 

Repeating the above dumbbell kinematic calculations, we again find that 

dTi 

— ^ = 1 eia^wf (36) 
or 

and 

ut^u^. (37) 

Again, the last equality implies that in the momentary rest frame of the representative point, 
all charges are (momentarily) at rest too. One also finds that 

af = . (38) 

We shall be interested in the hmit in which the object's size is taken to be arbitrarily 
small, but its shape (including the location of the charges) is unchanged in this limiting 
process. To describe this limit mathematically, let e > denote the object's size, e.g. its 
"radius" (i.e. half the maximal distance between pairs of object's points). We now define 



Here and below there is no sum over repeated Latin indexes (such as i,j) unless explicitly indicated. 
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The parameters ai are thus dimensionless numbers of order unity or smaller. The above 
limiting process is thus described by e ^ with all parameters Ui kept fixed. 

In the calculations below we shall make use of the results that were obtained in Sec. [H] 
in the dumbbell case. Recall, however, that in the latter case the representative point was 
chosen at half the distance between the two charges. This cannot be done in the present 
case (as long as > 2). In order to allow the implementation of the dumbbell results to 
our case, we shall also need to consider, for each pair of charges the worldline of the 
central point between these two charges, which we denote z'^-: 

Obviously there exists a number eij > and a unit vector such that eijW^j = (l/2)(ejwf + 
€jWj'). Then eij is the distance of this central point from the representative point, and (for 
tij > 0) w'j^j is a vector normal to which satisfies the Fermi- Walker transport law, as one 
can easily verify. We denote the proper time along the worldline z^-{t) by Tj^, and the four- 
velocity and four-acceleration by m^- = dz^^/drij and a^- = du^j/drij, respectively. Obviously 
all the above kinematic relations satisfied by the point charge z'^{t), e.g. Eqs. (jnEHHHI), are 
also satisfied by a central point z^j{t). Of particular importance for the analysis below is 
the relation 

(39) 

which follows from Eqs. (jHBj) and (jHHj) (with "i" replaced by "ij"). 

Let us finally emphasize that, for a particular pair the three points z^, z^, and z^j 
satisfy all the dumbbell's kinematic relations satisfied by the three dumbbell's points z'^, z'^, 
and zf^, correspondingly. This will allow us to apply all the above dumbbell results to any 
pair though with the dumbbell's central point 2;^ replaced by z^j (and r by Tjj, etc.). 
The dumbbell's length e = 2e is of course replaced by the distance between the charges i 
and j, which we denote iij. 



B. Calculation of the self Force 



To derive the self force acting on the extended object we shall use energy-momentum 
considerations similar to those of Sec. |nj The four-momentum of the extended object 
p^(r) is defined just as in the dumbbell case, by the integral (fTB|) over a hypersurface of 
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simultaneity. In analogy with Eq. ()17|) . we now have 



N 



ext 5 



(40) 



where dpf denotes the contribution from all the electromagnetic forces (sourced by all ob- 
ject's charges) acting on the i'th charge, and dp^^f- denotes the contribution from the overall 
external force. The electromagnetic energy-momentum exchange with the charge i is 

dP^ = fiem)idri , 

where /^^^^j is the overall electromagnetic forces acting on the charge i, given by 



N 



J {em)i Ji ' / j ■> i^i 



Here /jl^j denotes the electromagnetic force that the charge j exerts on the charge i, and 
denotes the partial self force acting on this charge. Therefore, 



N 



( \ 

N N 



dp' = dp',,, + J2 f'^i + 



,i=l 



J 



Since the external force is presumably well behaved as e ^ (it is essentially independent of 
e), we can use dp',, = f'^fdr, without bothering which proper time exactly one should use. 
For the same reason we may replace dri multiplying the partial self force by dr. Defining 
the overall force acting on the object to be 

dp^^ 



we obtain 



/ 



TV N 



f 



dTi 



dr 



N 



i=l j=l 



I J ext ■ 



(41) 



The overall mutual force is the term including the double-sum over i and j 

Af TV , ^ N N 

f 

J mutual 



N N , ^ N N , 

ST^ \ ^ uTi _ i dTij 



dTi, 

2^^~d^ 



d'^i _|_ dTj 



(42) 
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Consider the last term in squared brackets, for a particular pair of charges This pair 
satisfies a "dumbbell kinematics"; namely the kinematic relations between the worldlines of 
the three points 2;f , Zj, and z'j'j are exactly the same as those satisfied by the three dumbbell's 
points z^, z'^, and z^^, correspondingly. This allows us to apply the dumbbell's results to 
this new two-charges system. In particular, Eqs. (j22l23p now yield 



J 3- 



dr- 



where ejj is the distance between the two charges, and d^ - = da^^/drij. Note that Qj, like 
all other object's distances, scales like e (the object's size). Since the last term at the 
right-hand side is of order e°, we are allowed to replace Tij and a^- by the corresponding 
representative-point quantities, r and (which we cannot do when treating the other term, 
the one proportional to l/ej^ ). With the aid of Eq. we obtain 



dTij 
dr 



dTi 



dr, 



.•'3 



dr- 

M _|_ "0 JA* 

dTij 



dr 
4 
3' 



Notice that in the last expression all kinematic quantities are those associated with the 
representative point, and the only reference to the two charges is through g^, g^, and Qj. 
Substituting this result back in Eq. (j42j) we obtain 



f m 



mutual 



N N 



i=i j=i 



(43) 



where 



N N 



— 1 

^ i=i j=i 



(44) 



This last expression is exactly the electrostatic energy of the system of charges (the factor 
1/2 corresponds to the fact that every pair i,j appears twice in this sum). 

The overall (bare) self force /^^^ is the term in squared brackets in Eq. (HH), which we 
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write as 



N 



J bare J mutual ' / j J i 



1=1 



TV 



(45) 



1=1 



Implementing now the mass-renormalization procedure, given by Eq. (|25|) . and then taking 
the hmit e — 0, we obtain the renormahzed self force: 



J self 2 



N N ' 



N 



(46) 



To factor out the partial self forces, we again use the fact that the self force is quadratic 
in the charge, namely 



ft = {<i/<f)ft 



self ' 



where q = Yli <?« is the total charge. Transferring all partial self forces to the left-hand side 
and then multiplying by g^, we obtain 



AT 

i=l 



J self ~ 



N N 



i=i j=i 



id" - a\n 



Noting that the two terms in squared brackets are equal, we obtain the self force in its final 
form: 

fteif = lQ'i^''-a'un. (47) 
The equation of motion is given by Eq. (|33|l . just as in the dumbbell case. 



IV. CONTINUOUSLY-CHARGED EXTENDED OBJECT 

In this section we shall consider a rigid extended object which is continuously charged. 
Again, we denote the object's size (e.g. its "radius") by e. Let {X,Y,Z) be a system 
of comoving Cartesian coordinates that parametrize the three-dimensional hypersurface of 
simultaneity, and let R = {X,Y,Z). The representative point (an arbitrary point of the 
object) is taken to be e.g. at ^ = 0. Note that the worldline of any point of fixed R satisfies 
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all the kinematic relations described in the previous section. The charge distribution is 
denoted p(X, Y, Z). We assume that the charge distribution is fixed (in the object's frame), 
i.e. p{X, Y, Z) is independent of the proper time r. 

The calculation of the self force proceeds in full analogy with the discrete case discussed in 
the previous section, with the discrete charge replaced by the infinitesimal charge element 
dq = pdXdYdZ, and with the summations replaced by integrals. There is a remarkable 
difference between the two cases, though: In the discrete case, the demand for consistency 
required us to take into account the partial self forces. No such partial self forces appear in 
the continuous case (see below). This makes the continuous case simpler and more elegant. 

One can follow all the considerations and calculations of the previous section, up to Eq. 
In the continuous variant of this equation, the double-sum becomes a double-integral: 

N N „ „ 

J2 Yl ^^^J- ^ p{Ri)p{R2)d^Rid^R2 = , (48) 
i=i j=i 

where q = J p{R)d^R is the total charge. On the other hand, the term including the partial 
self forces has only one summation, so it would become a single integral. However, 
is proportional to qf, and at the continuous limit this becomes {pdq)d^R. That is, the 
"integrand" is proportional to dq, which means that it actually vanishes at the infinitesimal 
limit. We conclude that no partial self forces appear in the continuous limit. This has a 
simple intuitive explanation: At the limit — > oo in which each charge is split into many 
smaller charges (such that the total charge is conserved), the magnitude of the individual 
partial self forces scales like qf oc l/N"^, whereas their number only scales like N. Therefore, 
the overall contribution of the partial self forces scales like and hence vanishes at the 
continuous limit ^. (This is to be contrasted with the situation of the mutual electromagnetic 
forces: The magnitude of the mutual forces scales like l/N"^ too, but their number scales 
like A^^, so the overall mutual force attains a non- vanishing value at the limit N —* oo.) The 
integral analog of Eq. is thus 

fLe = -Eesa^ + l^'i^" - + 0{e) , (49) 

® This property was also used in Eq. (|48(l where we have replaced the double sum, which differs from q^, 
by a double integral-equal to q^. We use this property again below, when we replace the double sum in 
Eq. (|^ by the double integral in Eq. ((SUJ . 
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where Ees is the integral analog of Eq. ()44|) : 

E..^\j j'iB£^,^R,,^R,. (50) 

Note that E^s is the electrostatic energy of the continuous charge distribution. 

The mass-renormalization (j25j) now removes the irregular term E^sd'^ in Eq. (|49|) . and 
(after taking the limit e ^ 0) one arrives at the final expression for the self force: 

/L/ = ^(«'^-«'«'^)- (51) 

Acknowledgments 

This research was supported by The Israel Science Foundation (grant no. 74/02-11.1). 



[1] A. Ori and E. Rosenthal, Phys. Rev. D 68, 041701(R) (2003). 

[2] M. Abraham, Ann. Physik 10, 105 (1903) and M. Abraham, Phys. Zeitschrift 5, 576 (1904). 

[3] H. A. Lorentz, The Theory of Electrons, 2nd Edition, (Dover, New- York, 1952). 

[4] P. A. M. Dirac, Proc. Roy Soc. London A167, 148 (1938). 

[5] G. A. Schott, Electromagnetic Radiation, (Cambridge Univ. Press, 1912). 

[6] W. K. H. Panofsky, M. Phillips, Classical Electricity and Magnetism, 2nd Edition, Sec. 21-7, 

(Addison- Wesley 1962). 
[7] D. J. Griffiths, R. E. Owen, Am. J. Phys. 51 no.l2 ,1120 (1983). 

[8] In Ref. [J the treatment is fully relativistic, except that the accelerations of the dumbbell's 
two point charges are taken to be the same as that of the central point, which is inconsistent 
with relativistic kinematics. Despite of this, Griffiths and Owen's analysis yields the correct 
expression for the term cfti/^- [This may be understood by comparing Eqs. H12|) and ()13() be- 
low] . In Ref. 22] , it was argued that it is the non-relativistic treatment of the four-acceleration 
that led to the mass-renormalization problem in Griffiths and Owen's analysis. We disagree 
with this argument, because Griffiths and Owen obtained the correct relativistic expression 
for the term c^]^/e. 

[9] H. Poincare, Rendiconti del Circolo Matematico di palermo 21, 129 (1906). 



[10] Reviews on the various aspects of the "self- force problem" can be found in 

26 



11 



12 



13 



li 



[11] p. Pearle, Electromagnetism Paths to Research, Ed. D. Teplitz, chapter 7, (Plenum Press, 
1982). 



[12: 
[13 
[14 
[15: 
[16 

[17: 

[18 

[19 
[20 
[21 



F. Rohrlich, Classical charged Particles, (Addison- Wesley, Reading Massachusetts, 1965). 
T. Erber, Fortsch. J. Phys. 9, 343 (1961). 

C. Teitelboim, D. Viharoel, and Ch. Van Weert, Riv. Nuovo Cimento 3, 1 (1980). 

E. Fermi, Nuovo Cimento 25, 159 (1923). 

L. S. Nodvick, Ann. Phys. (N.Y.) 28, 225 (1964). 

E. J. Moniz and D. H. Sharp, Phys. Rev. D 10, 1133 (1974); E. J. Moniz and D. H. Sharp, 
Phys. Rev. D 15, 2850 (1977). 

L. Barack, Y. Mino, H. Nakano, A. Ori, and M. Sasaki, Phys. Rev. Lett. 88, 091101 (2002). 
A. Ori (unpublished). 

C. W. Misner, K. S. Thorne, J. A. Wheeler, Gravitation, (Freeman, San Francisco, 1973). 
This equation is known to have unphysical, run-away solutions. A reduction-of-order procedure 



is required in order to obtain physically- valid solutions from this equation of motion. See 
and also E. E. Flanagan and R. M. Wald, Phys. Rev. D 54, 6233 (1996). We comment that the 
dumbbell model provides a very useful framework for explaining the origin of the unphysical 
run-away solutions, but this is beyond the scope of the present paper. 
[22] G. Dillon, Nuovo cimento 114B, 957 (1999). 

[23] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields, 4th edition §76, (Pergamon 
Press, 1989). 



27 



FIG. 1: A spacetime diagram describing the dumbbell's kinematics, t is the time coordinate (in 
some inertial reference frame), and z schematically represents a spatial coordinate. The dumbbell 
is represented by a straight bold line, with the black points representing the two edge points z!^. 
Two such bold lines are shown, representing the dumbbell's location in spacetime at two moments 
separated by an infinitesimal time interval dr. The three thin solid lines are the worldlines of the 
central point z'^ and the two edge points z'^. 
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